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I. Introduction

@® What we want to discuss

Put a certain impulse on the nucleus
by Nuclear Reaction

—

Observe its Responses

—

Get information about Nuclear Structure

1 Hammer test of bridge

@® What’s promising method ?



Clean impulse & Clean target
— (lean responses

— (Clear information

Dirty impulse & Dirty target
— Dirty responses
— Need a lot of efforts to get

meaningful information

2 4

Ideal case Real world
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@® What reactions produce clean impulses ?
Simple reaction mechanisms are favored.

Direct Reaction is promising.

@® Direct Reaction
Only a few degrees of freedom involve.
Short reaction time
(No time for complicate processes)

Only a few step processes involve.



Consequently
Higher energy reactions are favored.
Weaker interactions are favored.
Single step processes are most favorite.
Simple probes are favored.

Such as electron (e), nucleons (INV), - - -

In this lecture, I mostly restrict myself to
Single-step Reactions, described

by Distorted Wave Impulse Approximation
(DWIA).



@ Discrete vs. Continuum

For reactions to a discrete state,

a+ A — b+ B (isolated discrete state)

(a and b are structureless particles),

the impulses may be well characterized by

Transferred energy w
Transterred spin  J;;
Transferred parity i,
(Transferred isospin T};)

etc.

Theories for these reactions can be found
in the standard textbooks.



However, if the final states of B is

in Continuum (unbound states),

Transferred quantum numbers are
hard to be distinguished

Standard methods encounter serious

problems in practical calculations

We need to develop proper methods

to cope with them.

For this purpose, I will discuss

Response Function method



To design experiments. it is important to

choose proper impulses (reactions)

We must care of
- Choice of probes
- Selection rules
+ Choice of energy
+ Choice of angles

etc.

I hope this lecture helps a little.



@® LExamples

- Clean impulse
Ex. (e, €), (v, V)

Use electric or weak interaction

- Dirty impulse
Heavy ion reactions are usually

very complicated. Need special trick !

- Relatively clean impulse

High energy nucleon scatterings

ex. (p,p), (p,n),(n,p)

In this lecture, I mostly discuss

nucleon induced reactions.



II. Basics of Reaction Theory
1. Convention

1.1 Natural unit

We use the natural unit in this lecture
h=1 c=1
Don’t worry, just remember

he 2 200 MeV - fm(= 197.326968)

[Exercise 1] Pion mass m, = 140 MeV.

Calculate its Compton wave length in fm.

(Ans.)
A 1 he 200 MeV - fm

= 1.4 fm

o m. 140MeV  140MeV
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1.2 Expression of the plane wave

In this lecture I express

the Plane wave with momentum p as

Pp(T) = eP

@® Normalization

(Opr|¢p) = (2m)°0(p' — p)

@ Number of states in the phase volume d°p
dp

dn = (2)?

Be careful about the convention.
Different textbooks use different conventions,
then the formulas of cross sections, etc.

are different correspondingly.
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[Just for fun| (= Appendix)

Other expressions of the plane wave

(1) Momentum normalization

<¢p"¢p> — 5(17/ — p)

(2) Energy normalization (non-relativistic)

mp

ngaE(r) — (27_‘_>3

eip-'r
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|Comment]

@® Box normalization
1

Dp,(T) = NG

(277 2T 2T )
n— | 7= Ngy, 7Ny, /1,
p A A

ipn-’l“

L3 5
dn = dn,dn,dn, = (277)3d P

Set L? = 1, then get our convention

13



2. Relativistic Kinematics

2.1. One particle system

Energy-momentum vector (4-momentum)

p'=(FE,p)

On mass shell

p'py = B2 — p* = m?

Velocity

|

|[Exercise 2] 300 MeV proton beam.

How much the velocity is 7
(Ans.) m, =938 MeV, T, =300 MeV
E, =m, + 1T, = 1238 MeV

not so small !!

\/EQ_mQ
= VPP = (.65
v E

p
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2.2. Two particle system

System with particles, 1 and 2

1 = (E1,p1), E1=\/m%+p%
py = (Ea,p2), Ey= \/m% + p3

Total 4-momentum
P =pl +ph
A Mandelstam variable

s =p'p, = (E1+ E2)* — (p1 + p2)

Lorentz invariant !

15
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2.2.1 Center of mass (cm) frame

We attach * on the quantities in the cm frame

@® Definition

The total 3-momentum obeys
P =p +p;=0
@ Uscful formulas
s = (E] + E3)* — (p] + p3)’
= (B + E3)" = (Ejy)’

) 2
E*_s+m1—m2
1 — 9

2/5
2

s—m%+m2

2V/s

E,

16



[Just for fun]

p1| = |P5)

_ \/32 — 2s5(m?% 4+ m3) + (m% — m3)?

R. Hagedron, Relativistic Kinematics,

The Benjamin/Cumming Pub. Co, INC (1963)
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3. Cross Section

Experimental data are usually presented

in terms of Cross Section

We observe

F'": Number of incident particles

per unit time per unit surface
Flux (Strength of the incident beam)

AN : Number of particles getting

into the counter per unit time

18
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AN can be expressed as

FAS

AN ="

= C'FA()

R : Distance between the target and the counter
AS : Area of the window of the counter

A€ . Solid angle for the counter window

AS = R*AQ
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C' represents the strength of the reaction

independent of the experimental system

O AN > dgzlim AN

FAQ dQ A0S0 FAQ

This 1s called differential cross section.

|Comment] Dimension of C

B
= mag = Ty =

20



4. Formulas for Cross Sections
4.1 S matrix

State of the system

i)  att= —o0
f) att= oc

Transition amplitude (7 — f )

Sri = (f|S]i)
This is called S matrix

21



[Just for fun]

A formal definition of S operator

(1) S is given by
the time developing unitary operator U as
T T
S=lim U (—,——)
T—o00 ) )

where

(2) Equivalently but more commonly

by use of Moller operators )4

_ Of
s—0tq,
where
Q+ _ hm elHte—lHQt
t——00
Q_ _ hm ethe—iHot

t—00
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4.2 T matrix

S matrix 1s written as

Spi = 6 +i(2m)* W — plf) Ty,

sz .

= 64 +i1(2n0)10(E; — Ey) 6¥(Py — P) Ty,

E; . Total energy of the initial state
Ey : Total energy of the final state

P, : Total momentum of the initial state

Py : Total momentum of the final state

T-matrix

It involves at least one interaction.

23



4.3 Transition probability

@® Transition probability
P(i — f) = |Syil”

For |i) # |f)

Pt — f)
= [(2m)8(Ey — E;)’[(27)*6%) (Py — P,))?
x| Tl
=TV (2n)'8(E; — E;)0" (P — P)|Ty,|”

V' : Normalization volume (V = 1)

T : Elapsed time

Used a trick
[(2m)0(Ef — Ez)]2
— (2m)8(E; — B [

( —T/2
T(27)8(E; — Ey)
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4.4 'Transition rate

@® Transition rate
Pt — f)

T
= (2n)*5(E; — E)0%(Pr — P)|Ty|?

Weset V =1

25



4.5 Expression of the cross section

Consider the reaction

14+2—=3+4+---

1 P1 D3 3

\5
—~—
\\
—~—

E; = Eq1+ Es, Ef:E3+E4—|—"'
P=p +p Pr=p3+pst--

26



We observe the exit particles with accuracy

d’psd’py - --

in which number of states is

d’p3 d’py o
(2m)3 (2m)°

Transition rate to the observed final states

dws; = 2m)6(E; — E;)6® (P; — P)
d3p3 d3p4
(2m)? (2m)°

x [T’

27



Cross section

dw fi
d p—
T F

with the flux

F = |v; — v = vy

Now we get
(27T)4(5<Ef — EZ)(S(?))(PJC — R)

Urel
d’ps d’py o
(2m)? (2m)°

do =

X [T’

It is expressed by
T-matrix,
phase volume of the final states,
relative velocity of the initial channel

energy-momentum conservation condition

28



4.6 Two-body to two-body reactions

Reaction

1+2 — 3+4

Cross section
0(E; — E)6®(P; — P)

do =
(2m)%|v1 — vy

Ty |*d*p3d’py

E;, = Eq1 + Eo, Ef:E3+E4
FP,=p +p, Pr=p3+p,

29



4.6.1 Center of mass frame

Attach * on the quantities in the cm. frame

4 6 : Scattering angle (omitted *)

We write

% *

k; ZPT = —DP9, kf :p§ — — P4

In this frame

P’ =p]+p;=0,
Vs=FE'=FE;+E;

30



We can calculate

v — vy = ki ki &
LB B
with
Eibk;  ETES
2% =

CEi+ B s
The Reduced energy of the incident channel.

The cross section becomes

do = 6(E; + Ef — /5)0®) (ps + p2)
1wy 2 13 % 13 x
Tei|“d°pad
X (277)211%‘ f‘ P3d Py

Integrate over pj, note p3 = ky,

Use the energy-angle representation,

d’k; =k E; dE5dS)

31



we get
piks Ky
(2m)* K

do = §(F: + Ef — /5)dE: o |Tyild0

Noting
= \Jm3 + &k} = ym3 + (E5)2 — mj3
we can rewrite

S(E: + Ff — /3)dE: = ‘fEf S(E; — E3)dE:
3

with
= DR _ E5(Vs — E3)
I~ E;+ Ej NE

and , ,
—*_s+m3—m4

3 2\/5

We used the delta function formula

5(f(2))de = 3 21— )

@) jde] ™

«

x® : zero point of f(x)

32



Finally we get
@® Double differential cross section

d*o

= K|Ty|*0(F; —

with the kinetic factor
o — Pt ky
o (277')2 ]‘Cz 7
the Reduced Energies
i = 222
NE
o BE _Ei(/5- B
VE Vs
and the ejectile energy

ermg—m?l

E; =

33



@® Differential cross section

If the particle 4 is

an elementary particle (no excited state),

or

in the well isolated state,
we get the differential cross section by

integrating over Ls as

do
— = K |Tyl?
e T} ]

34



[Just for fun]

In the textbooks of the relativity,
the T-matrix is written as
M
V(2E1) (2B,)(2E3) (2Ey)
and then the cross section is expressed as

do 1 ky
Q) 64n2s k.

Wk

35



4.6.2 Energy transfer expression

Double differential cross sections are often
expressed with respect to

the energy transfer to the target

S * *

Double differential cross section

d*o
:KT225 *  —%
e Tyi|" 0(w* — @)
with

2/5

36



4.7 Non-relativistic formulas

Reduced energy = Reduced mass

o 3Ty

Mi_m1+m2’ Mf_m3—|—77?J4

Total energy

BT+ E5 = my +mg + T,
E§+EZ:m3+m4+Tf

Kinetic energy of the relative motion

k2 K2
=" Ty=-L
214 21 f

Reaction ()-value

Q:m1+m2—(m3+m4)

37



Rewriting the infinitesimal phase volume as
I’k = kidksdQ = kpppdTpdS)
and thus
0(Ef + E3 — BE5 — E})d’ky
= ,ufkf5(Tz- + Q) — Tf)dedQ
we get
® Double differential cross section

d*o
dT'rdS)

= K |Tpl*0(Ti + Q — Ty)

@® Differential cross section

do
— = K |Ty)?
e ]

38



5. Inclusive Cross Section

Return to the general cace

1+2—=34+44--+n

5.1. Inclusive measurement

Detect only the particle 3

1 4+ 2 — 3 4 anything

Inclusive cross section

y
do = ~=d’p; [ 6(E; — E)OP (P} — P)
Urel
3 3
X !sz"2 b ' D

(2 (2r)?

39



5.2. Invariant mass

P*

res

Introduce

Total momentum of the residual system
“ n
P = > p;
7=4
Total energy of the residual system
8 n
Bres = 2 Ej
7=4
Invariant mass of the residual system
2 %2 *2
Mres — Eres R Pres

40



5.3 Formulas in the cm frame

In the cm frame

Py =p;+ P, =0

res

As before we write

b S
D3 = kf
The cross section can be written as a similar

form as the two-body to two-body reactions,

by replacing

p, — P, E, —FE. My — Mg

res’

41



® Double differential cross section

o _ K [|Th? 6(w — o)
dew*dS) /1
d3p* d3p*

x (27)30 (ks + P* ... 2o
with

-} —mit M

2/8
Ex. GTGR
10_ A (p.n) )

Neutron energy T, (MeV)

5 C. Gaarde et at., NP A369, 258(1981)

42




Using P = X0, p;j = —ky , we may write
[ 8 (ks + Piy) d’p - d’pj, -+
:/d3H1'°°d3Rn_4--°

where K1 - - - K,_4 are suitably chosen

internal momenta of the residual system.

@® Double differential cross section
d’o
dw*dS)
= K [|Tyf 6(w" — &)

dgl‘.‘,l dglin_g
(2m) (@2r)

How to treat the integral f d’kq - - - d°Ky,_y 1S

a main subject of this lecture
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Other cross sections found in the literature

@® Angular distribution

Angular distribution at w*

do e [ dPo g
— = W
dQ)  Jwr=oe \ dw*dS)

@® Angle integrated

energy differential cross section

9
do (da)dﬂ

do* !\ dwid©

44



6. Frame Transformation

@® Experiments are usually carried out

in the laboratory (lab) frame, where

plQab — 0

@® Theoretical calculations are usually done

in the cm frame, where
pi+p;=0

We need the transformation formulas from

the cm frame to the lab frame or vice versa.

45



6.1 Relativistic kinematics

Energy of the incident particle is usually

written by the incident kinetic energy 17 as
Eiab = My + T1
thus
s = (mq1 4+ ma)* + 2maTy

@® Lorentz transformation parameters, (ﬁ : 7)

gV pi] Ty + 2my)
- ElbL B o me+ T

o 1 _m1+m2+T1
TTVISFET s

V' Velocity of the center of mass

[Exercise] Prove the above formulas.

46



@ Lorentz transformation
The energy-momentum of the ejectile
(particle 3)
PP cos O, = (s cos O + BES)
PP sin O, = pi sin 6

ES® = 5(E; + fp; cos )

From them, we get

(1) Scattering angle

(ar sin ¢
an ., =
b v(cosf + «)
with )
I
vi' B

v« velocity of the ejectile (particle 3)

47



(2) Double differential cross section

d20' o d20’ 5’(Eglgab, Qlab)
dELdQ )  \dE¥dQy,,, ) 0B, Q)

lab lab
lab OE;3 OEs
5)<E3 ) Ql&b) _ 8E§ ? 0 cos 6
Ex O dcosf  Odcosbyy
a( 3 ) OE3 7 Ocosf
1 sin Glab

(12(cosf + )2 +sin?0)/2 ~ sinf

d20' B sin Hlab d20'
dE3dQY)  sinf \dEYPdOy,,

thus

or

d20' B Sin Hlab d2(7
dw*dQ))  sinf \dw*PdQy,

48



For the case of final two elementary particles

Differential cross section

d_O' B ( do )dﬂlab
dQ  \dQ,) d9

d (1 4+ acos )
dQ  (y2(cos @ + a)? + sin? §)3/2

49



6.2 Non-relativistic kinematics

Velocity of the center of mass in lab frame

mq
VV = ,Ullab
my + Mo

(Galilel transtformation

v}fb oS O, = v3 cosf +V

v sin Oy, = 3 sin 0

Just set v = 1 in the relativistic formula,

@® Scattering angle
sin 6 V

tan Hlab — & = —
cosf + a’ V3

@® Differential cross section

d_a_(da) 1+ acost
dQ  \da/ (14 20cosf + a?)3/2

50



® Double differential cross section

We write the energies as

(plab>2
Eil))ab = ms + & — Mg + T%ab
2m3
kj
E;=m3+ ——=mg+ 15
3 3 21 3 3

kZ
Tf _ R ms + m4T§<
24ty Ty

d20' B dzO' 8(T§ab, Qlab) dTS*
dTpdY)  \dT¥PdQy, ) O(T,9Q)  dTy

we get

d*o B d*o my  Sin Oy,
dT'rdS} - \dTRP O, ) ms +my sind

51



[Just for fun]
a(T?laba Qlab)
(T3, Q)

Calculation of

From the velocity-angle relations

v cos O, = v cos @ + V
v}f‘b sin O = v3 sin 6
sin 6
tan O, =
Wb = s + «
we get
; ( 1 )1/2 cosf + «
cos Ojap = =
tab 1 + tan? O, (1 + 2accos @ + a?)l/?
(v2P)2 = (v3)*(1 4 2 cos 0 + a?)

thus

T3P = T3 (1 + 2accos 0 + o)

The velocity ratio « is given by

v
a=—=V s
V3 2T

thus
oo o) oo

0

oT; ~ 273" Ocos®
52



Now we get

aTlab 9,
5 — (1 +2acosf + a?) + 275 (cos  + a) .

o1y 0Ty
=1+ acosb
O
= 207175
0 cos b s
dcosbha,  0cos b, Ja
oTy  Oa 0Ty
B o sin? 6,
270 (1 + 20 cos Ouy, + 2)3/2
dcos O, 1+ «cosb
Dcos® (14 2acos+ a?)3/?
Using these formulas, we finally obtained the
Jacobian
a a 3T1ab aTlab
O(T5™, Quap) _ O(T5™, cosbhab) _ | a7+ Geosd
I(T5, Q) I(Ty, cos0) acg;glab , 352?)215‘3
1 B ’U;: B sin Qlab

(1+2acosf +a2)l/2 kb ging
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7. Spin Observables

When the projectile and the ejectile have
spins, and their directions are observed,

the data present us very powertul and fruitful
information to study the nuclear structure.
As an example, I want to refer

spin observables in the nucleon scatterings

A(N,N\B

54



7.1 Review about spin operators

Pauli spin matrices

01 0 —1 1 0
Oy — y Oy = | . y Oz —
10 1 0 0 —1

Spin operator

Useful formulas for o, (a = x,y, 2)

10

0,0, =1=
o

) ) 000y = i€ach-c

Trlo, =0, Trlo,op = 20a

95



7.2. Coordinate systems

The following coordinate system is often used

in the theoretical analysises

AN AN

® [, n, p| system

q>I< R kszf R s F
y T — y, P=4g XM
| q* | ki < ky|

q=

Their directions are denoted by (g, n, p).
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[Just for fun]
(1) [z,y, 2] system

k'/; A AN A A A
Wv Yy=n, w:yxza
1

This is used in the numerical calculation.

zZ =

(2) [S,N,L], and |S’, N’ L] systems
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7.3. T-matrix

T-matrix is specified more explicitly as

Tt = (kpusN', @p|T|kipuN, 1)
= ((k/N', Op|T|k;i, N, dy))

[ fH

This is a 2 x 2 matrix with respect to (uy, ;)

It is generally written as

sz' =Ty + 1,0, + Tqu + Tp(fp

o;'s denote the spin operator for N (N).

T;’s abbreviate the marix element.

1; = <kf7 Nla ®B|E’k27 Na (DA>
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7.4. Unpolarized cross section

® Unpolarized differential

Cross section

d’o
= da*d? .
2
— K%ﬁﬂz (T ) = 5 T T'T)

= K|T\Ty + T,T, + T)T, + T, T,
Tr : Trace with respect to the nucleon spin.

Define

Polarized Cross Sections /D,

Cross section is expressed as
d*c

dw*dS)

— IDy+ 1D, +1D,+ 1D,
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7.5. Spin observables

@® Polarization

Tr[T"o,T]

P p—
S U

@® Analyzing power

a4 T[T"To,]
Yo T[T

@® Polarization transfer coefficients

B TI”[TTO'Z'TO']'}
- TY[TtT)

DZ] (Z,]:p,(],n)

Refer Wakasa-san’ talk about the definitions and

the measurements of P,, A,, D;;
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@® Polarized cross sections

We obtain /D; by the combination of D;; as

IDy = 2[1 + Dyp + Dy + D,y| = K|
ID, = 51 + Dy, — Dy — D,y = K
ID, = 51 — Dy + Dy, — D,y) = K
ID, = 21 — Dy — Dyy+ Dyl = K

They are very usetul to extract
spin-longitudinal and spin-transverse
responses.

See Wakasa-san’s lecture
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8. Summary

We considered the reactions

@® C(Cross section

2m)*0(E; — E;)6®) (Py — P)

do =

Urel
d’ps d’py o
(2m)? (2m)?

x [T’
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@® Inclusive cross section in the cm frame

2
d*o
— K T, 2 X — %
d°p;
o) (ky + P* ERN
X ( 7T> ( fr res) (27’(’)3

2 2 2 2
my — My — mS_l_MreS

63
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@® lrame transformation

Double differential cross section

dQO' B SIn elab d20'
dw*dQ))  sinf \dwPdQ.,

Differential cross section

do v(1 4+ avcos B) ( do )
dQ (y2(cos O + a)? + sin? 0)3/2 \dy,
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@ Spin observables in (N, N') reaction

T-matrix

sz' ="Ty+ 1,0, + TqO'q + TpO'p

Unpolarized cross section

d°o K
I= oan = 2 T

Polarized cross sections

1D, = £j1 + Dy + Dyy + D,y = K[TY Ty
ID, = 2:1 + Dyp — Dyy — D, = K[TIT,,]
1Dy = gl — Dy + Dyg — Dpp: — K:TqTTq:
ID, = 51 — Dyp — Dyg + Dy} = K[T)T,
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