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VII. Response Function

Here I sketch how to calculate the response
functions (Recall V. DWBA )

1. Polarization Propagator
1.1. One-body Density Operator

For unified expression, we write

pr(r) = %Fk(i(r — 7

where

Fj. zaé?‘k), (a=0,1, a=0,z,y, 2)



1.2 Polarization Propagator

Introduce

® Polarization propagators

Mpp(r,r';w)

— (4] phir)

w—HA-|—i5pF,

()| D 4)
H 4 : Internal Hamiltonian of the nucleus A.

® Response Functions

We can write

1
RFF/(T‘,T‘/;CU> = ——Im HFF/<’I",’T‘/;(U>
Qs



2. Mean Field Approximation
2.1 Hamiltonian
This is the 0-th order approximation.

Approximate Hp by
Mean Field Hamiltonian, H

HA — HO — th — Tc.m.
k

N

hi. : Single-particle Hamiltonian
for the k-th nucleon in A

iL/f =1} + U;énf
Ut Mean field (Hartree-Fock field)



@® Single particle states

|h) : occupied single particle state

[p) : unoccupied single particle state

They obey

EW — eh‘h>7 Mp> — Ep’p>,

hl
h2
h3




2.2. Free Polarization Propagator

The polarization propagator in the mean

field approximation is called

Free polarization propagator

H;Q},(r, r’w)

1
— (@Y | ph(r)

/’l"/ CI)<O)
w—(HO—SéO))JrizSpF( )

CDES) . Ground state of A

in the mean field approximation

) = 0



Note the operation of the density operator

pr(®L) = 32 |h~p) (0 plpp (') 04)
P

the sum of 1-particle-1-hole states.

hl
h2
h3

Q




We can write

[T (r, 7' 0) = S (@1 [ph(r)[h'p)
p?
1

w— (e, —€p) +10
x (W plpp(r')| @)
— (O b (1) G (w) p () |0

Here we introduced

X

® ph Green’s function

1

h—l
—(ep—eh)+i5< p‘

Gpn(w) = hz]:? |h_1p>w

How to cope with the infinite sum ,cunoce ?

p runs continuously !

cf. ¥p run only finite number of states,
and thus can be handled.



Further manipulation

Gon(w) = S0 gloo+ ) (7

)= T |p)——

peuUnoce € — € T 10 <p‘

10



@® The single particle Green’s function

gsp(€) in 7 representation

(T, 7' €) = (r[gsp(€)|7)

1
= (r|——
e—h-+10
1s known to be calculable.

)

@ Calculation of gy, (7, 7’5 €)

Angular momentum representation

r.r' e
gSp<r7 T‘/; E) — ZZ Yim(Qr)gl( >Y2jn(ﬂ7a/)

rr!
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The radial parts

QmN
W fi, )
where - = min(r,r’), r~ = max(r,r’),
fi(r; €) and hy(r;e) :

regular and singular solutions of the equation

gi(r,r';e) = filr<;e)hy(rs;e)

1 & 1 I(1+1)
T 2

. Um.f
2mydr?  2myx T i (r)

w(1; €)

= ¢ uy(r; €

W(f,h): Wronskian

W(f,n)

f/ h/
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Thus

g(r,re) = (rlg(e)|r’)
= gop(T, 7’5 €) — % Pn(T)

1s calculable

1
€ —e¢€,+10

(')

¢p(r) : Bound state wave function
of the state |h)

Now we can calculate

@® FIree Polarization Propagator
HE{:Q}V(’T’, ’I"/; CU)
0 0
= S (@ |k (r)h)g(r. 7' + ) (bl ppr () @)

and get
® Free Response Function
1
RO (r, 7" w) = —Im W, (r, 7; w)

70
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|Comment]

In actual calculations, various refinements

should be taken into account.

Spins, [sospins

A isobar,

Complex mean field

(representing particle spreading width)
Energy-dependent mean field

(radial dependent) effective mass
my — m’(r)

Perey factor
Spreading widths of holes
Orthogonality condition

etc.

14



3. Tamm-Dancoff Approximation
(Usually abbreviated TDA)

Consider the nuclear correlations induced

by the ph interaction Vi,

® ph interaction V),

15



@® Polarization propagators in TDA

Take account of the correlation

The polarization propagator
with this correlation is given

by the solution of the equation

M2 e ) = H(Fq}/(r r')

+ Fﬂz};m/dB r Pr ”’H%]);//(T ’I“”)

X Wp/p///(’r”, ’P/H)H;P/%(’Pm r )

16



4. Random Phase Approximation
— Ring approximation
( Commonly abbreviated as RPA )

More elaborated approximation.

(zeneralize

Free polarization propagator H}Q}, as

H%ng’(rv ’PI; w)

1

— (D] (7
1

Oyl o (1! !

F olor () e 16"

()] %)

17



® Polarization propagators in RPA
Given by solving the RPA equation
T (v, o) = Wi (r, )

. /d3 " 13 /NH%}W(T r//)

F//F///
X WF//F///<’I° ,’P”/)H%/Pf)/%/(’rm ’P)

18



5. Fermi Gas Model
Recall PWBA formula

d’o VS -
=KX= |V(g"]* R *
doo*dO) ma V(g") p(waq )

Rp(“}a q)
1 .

= ——Im(P4|p'(q)
.

1
w—Hp+1n

p(q)|Pa)

~ A _. .
plp) = X P
k=1

Let us calculate the free response function

R,(w,q) in a simple model.

Fermi gas model provides the analytic form,
from which we can learn some characteristic

of the response tunctions.

19



@ Fermi gas model

Q
<

N0 (q,w) = > (7|5 (q)|h'p)

p,h
1 1~ (0)
e sy AU JEC YLD
~ &p O(pr—p)(p—q| — pr)
/(

@ (B ) s

2mN ZmN

oy d’p 0(pr — p)0(lp — q| — pr)
2m) w— (L= — 2P +if

my

) =1p), [p)=Ip—q)

20



The free response function
1

T

RY(q,w) = ——Iml"(q, w)

[1°(q,w) can analytically be calculated.

It 1s known as the Lindhart function.

A.L. Fetter and J.D. Walecka, Quantum Theory of
Many-particle Systems, McGraw-Hill, Inc. (1971)
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[Just for fun]
Analytical form of R (q,w)

pr . Fermi momentum

2
€p = ﬁl—FN . Fermi energy
Set
q W
L= —, y—=——
2P €R
For0 < zx <1
RY(q,w)
:mNpF % for %<1—ZIZ

IRy
(2m)? ! <$4yx> for 1—1‘<%<1—|-£C
For x > 1

R"(q,w)
_ mypr 1—(1‘—%)2
(2m)? 1

for $—1<ﬁ<1+$
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® What spectrum R (q,w) has ?

0Ca g=1.75fm!
g,NN:g,NA: g’AA = 0.6

M. Ichimura et al,
PR 39 (1989) 1446

1

I 1
120

00™——25"20 60 80 100
) (MeV)
q2
Peak at  wpeax = ——
QmN
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® Whereis R (q,w) finite ?

400

300

S
L
= 200
3
Pionic
Atom
100

/ a-h
" region

0

Gamow-Tel ler
Resonance
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@® What region can we study 7

A reaction can reach very limited region.

300 —

250 |

200 |

w (MeV)
o
o

100 |

50 .

g (fm™")

1 Y%r(p,n), T, = 300 MeV, 6
2C(p,n), T, = 350 MeV, 0 = 22deg
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6. Relation to familiar quantities

Relation between R(q,w) and familiar

quantities.
(1) GT strength
Bare(w) = 3 |(2x] %tfak!%ﬂ%(w — Wy)
Rars(g,w) = X [{@x| X towe™ @) [3(w—wx)
Thus
Bar+(w) = Rar=(¢ = 0,w)
(2) Fermi transition strength
Bp+(w) =2 [(¢x] %tfl@AH%(w - wx)
Rps(q,w) = X |(@x| St 07 [0)d(w—wy)
Bp+(w) = Rp+(q = 0,w)
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(3) E1 transition strength (> GDR)

For the case J4 = 0

Bgi(w) = er \@X\th Tl Pa)| "0 (w—wx)

Response Function to the 1™ states

Rivi-(q,w)
= X (x| Xtepe TR O(w — wy)

= X [(x|Xtex (1—ig-ri+0(g")) |®a)]

Xel-
X0 (w — wy)

=q¢ 3 |<®x|2tm"‘zl%>|5(w—wx)+0( )

Xcl—
Thus

1
Bgi(w) = lim — Ry (g, w)

—>Oq

27



7. Discussion
7.1 Comments on the Fermi gas model

(1) Fermi gas model is heuristic,

but not necessarily realistic.
(2) It may reasonably work for large ¢ region
(3) But for small ¢ region, it is useless and

even misleading.

(@) (MeV~")

GT

R

Spectrum at ¢ = 0, Zr to "Nb

28



(4) If you want to have R(q,w),
First calculate R(r,r";w),
by the methods described in subsec. 2-4.

Then take its Fourier transtform

~

R(q,w) = R(q, q;w)

7.2 Comments on calculation of R(r,r";w)

(1) Choices of the mean field is crucial.

(2) Choice of effective ph interaction is
crucial.

(3) Calculations are carried out in the
angular momentum representation.
Namely, calculate Ry g/ (r,7)

(4) Taking suitable linear combinations of
Ry grp(r,1"), we can calculate
the response functions we want,
such as Rg, Ry, Rt, etc.

29



(5) How to include nuclear correlations
beyond TDA or RPA in the framework
of the present formalism

is a longstanding subject

There are lots of matters to be discussed
about response functions.

But they are out of scope in this lecture.

30



7.3 Comments on PWIA

(1) Factorized form
d*o
dw*dS)

15 very attractive nature to extract

= K |Vi(9)’R(q,w)

nuclear information R;(q,w)
(2) This doesn’t hold in DWIA or
more elaborate reaction theories.
(3) PWIA is heuristic,
but not realistic in general.
(4) It may work for some cases,
if one allows to use normalization factor
as

d’c :
g = Vet [K [Vil@)*R(q,w)

N.g : Effective nucleon number

31
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Looks OK, but to extract R;(q,w)
we need to know Neg from other independent
data or by theoretical calculation.
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@® Taddeucci’s Prescription

A kind od the N.g method.
Applied to GT transitions, etc., very often.

Set a semi-empirical ansatz

d*o(q,w)

- _
T =0 (¢, w)R(qg = 0,w)

aS

0 : unit cross section
F(q,w) : Normalized angular distribution

Flg=0,w)=1

e.g.  R(¢=0,w)= Rp(w) or Rar)

In N.g method,

6 = NeaK(q=0)|V(g=0)]°

33



Calculate F'(q,w) by DWBA
with simple nuclear structure model.

* w dependence is not care for .

From observed database of

d*o(q,w)
dwdS)

Evaluate &.

, and R(q =0, w)

Apply the formula to the newly observed
data, and obtain R(q = 0,w).

Careful calibration is needed !

34



7.4 For more general cases

My opinion is

- Structure models p—>| Response functions

Reaction theories >

) 4

Feed back

P
«

Experimental Data

Modify the structure model _
(parameters in the model, etc.) d*o

wran 1D L0y 1B, 1D,

Refine the reaction theory

35



VIII. Inclusive Breakup Reactions

1. Breakup Processes

Consider the inclusive breakup reactions

a+ A — b+ anything
a=b+x

Assume

b and x : structureless

36



The process is decomposed
(1) Elastic breakup

(2) Inelastic breakup
(3) Transfer reaction
(4) Breakup fusion (Incomplete fusion)

Elastic breakup

We will consider the decomposition
Elastic Breakup + Non-elastic Breakup
dZO.inC dQO.EBU dQO.NEB
QB dEySYy  dEd

37



2. Formalsm

@® Hamiltonian

H=Ty+1T,+ Ha+ Vip + Via+ Via
= (Tp + Upa) + (T, + Viu) + Ha
+ (Vi + Voa — Ua)

= (T4 + Usa) + (The + Vi) + Ha

(Vi

+ (Voa + Voa — Uqa)

® Wave functions

Hpbp=FE1Py
Hx®x = (T, + Voa + Ha)Px = ExPx
(Tow + Viw)Pa = €aa

@ Distorted waves

(Ta + UaA)XE{” — EaXE[”
(Ty + Upa)xs ) = Exy”

38



@® Total energy of the initial state
Ez' — EA + €4 + Ea
® DWBA

Tyi = (Oxx [ Vip + Voa — Upa| @adax s
= (D VP D4 x (D)

@® Inclusive cross section

B 2

e
X 5<Ez Eb EX)

Using the completeness, we get

d20.inc B
— K (D4, DPostt ()

x 8(E; — By — Hx)(xs VP! apux (M)

39



Assuming the excitation of A by V/Post

is very small, we can write

(VP @ g ()
= D) (D VP D)
Then we get
dQUinc
dFEydS),
= K (40X D [VP | 0xg )
X (Palo(E; — Epy— (T + Ha 4+ Vipa)) | Pa)
X (x5 DA VP D 4 x ()
= K (40X D[V | 0x, )
X (DPalo(w =T, — Via)|Pa)
x (x5 @AV DX )

where
w=F,+¢€,— E

is the energy transfer

40



Introducing the Green’s function of x

Go(w) = (P4

w—"T,—U, +10
with Optical potential of x on A
U, =V, +iW,

All excitations of A are included through U.

@® Inclusive breakup cross section

d20.inc K
= ——Im [ d’r), [ d’r,
dEbde s H / T / "

x ST(r))Gu(r', r.)S(r,)

where
S(rx> — <rxX(_)(DA‘vaSt|q)A¢an+)>
Gx(r;/::arx?w) = <7°:;‘G:U(w)‘ra:>

41



|Comment]

About the relation
1 1

Pal (Ty + Vioa) + B P T T U
Note
(@, L e
w—(Ty 4+ Vyq) +i0
1
7 (Palw — (T + Viza) +16|Pa)
Set

P:|(I)A><CI)A‘, Q=1-—P, wh =w+1d

By short manupulation

1
P P
wt — (T + Vza)

P
Wt =Ty — PVeaP — PVouQ gy g@Vea P
B 1
Wt =T, - U,

[Excersize] When AB =1, express PBP by
PAP, PAQ,QAP, QAQ

42



3. Decomposition of elastic and

non-elastic breakup

An identity of the Green’s function
G, = (1+ GLUNIm |G| (1+ U,G,)

+ GIW,G,
where .
G0) —
‘ w—"T,+1
Use
2
G = X |k)S(w — ’ ) (K|
! k Qma:

we get
(1+GLUDIm |[GY] (1 + U,G,)

2
B (-) _k (-)
I PR I

43



Now the first term gives

Elastic Breakup Cross Section

d2 EBU . )
VPSP 40,
dEbde ZKXk Xb ‘ | CbXa >‘
k2
Sl —
X 0w 2mx)

Consequently the seond term gives

Non-elastic Breakup Cross Section

dQO.NEB K
dE,dy, = (Pl W)

where

Valr) = Galy A VP @adux()
= [ Gy(r,7";w)S(r")d*r’

This formalism is called TAV model
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4. Applications
Jin Lei and A.M. Moro, PR C92, 044616(2015)

*Ni(d,pX) @ E =100 MeV

1000 T I ' I ' I '

S a) E =50 MeV

2 1004 @5,

& -

o]

£ 10 E_

O:o. 1;_ .....

EQ E[. . . EBU (CDCC) )

) F - —. NEB (FR-DWBA)
L 0-1'5_ — Total

T -

. | . | ML
O'O]O 20 40 60 80
0, (deg)
100 T | T T | T | T

— || o D.Ridikas et al. -
2 .+ EBU (CDCC) (b) 9p=80

= 801 __. NEB(FR-DWBA) N
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FIG. 4. (Color online) Double differential cross section of
protons emitted in the **Ni(d,pX) reaction at E4 = 100 MeV
in the laboratory frame. (a) Proton angular distribution for a
fixed proton energy of E, = 50 MeV. (b) Energy distribution
for protons emitted at a laboratory angle of 8° (arrow in top
figure). The meaning of the lines is the same as in Fig. 3, and
are also indicated by the labels. Experimental data are from

Ref. [44]. A5



209Bj (Li, a.X)
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FIG. 6. iColor online) Angular distribution of o particles pro-
duced in the reaction ®Li + *™Bi at the incident energies indicated
by the labels. The dotied. dashed, and solid lines correspond to
the EBU (CDCC), NEB (FR-DWBA), and their sum, respectively.
Experimental data are from Ref. [57].

46



