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Quasiparticle

ȁ ۧΦ 𝛽𝜇ȁ ۧΦ = 0Vacuum s.t.

𝜌𝑖𝑗 ≡ Φ Φ𝑐𝑗
†𝑐𝑖 𝜅𝑖𝑗 ≡ Φ 𝑐𝑗𝑐𝑖 ΦDensity

𝛿 Φ 𝐻 − 𝜆 𝑁 Φ = 0Variation

ℋ ≡
ℎ − 𝜆1 Δ
−Δ∗ −ℎ∗ + 𝜆1

ℎ𝑖𝑗 =
𝛿 Φ 𝐻 Φ

𝛿𝜌𝑗𝑖
Δij =

𝛿 Φ 𝐻 Φ

𝛿𝜅𝑖𝑗
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𝑊†ℋ𝑊 =
𝐸 0
0 −𝐸

𝛽𝜇

𝛽𝜇
† =

𝑘

𝑊𝜇𝑘
† 𝑐𝑘

𝑐𝑘
† 𝑊 ≡

𝑈 𝑉∗

𝑉 𝑈∗

Mean field

for ∀𝜇

Equation

unitary

𝑁 = 

𝑘

𝑐𝑘
†𝑐𝑘
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even-particle 
system

odd-particle
system
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The vacuum ȁ ۧΦ usually represents an even-particle system because of the pairing. Then 
an odd-particle system is represented as a one-quasiparticle excited state on the vacuum.

Vacuum One-quasiparticle excited state
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Quasiparticle

ȁ ۧΦ 𝛽𝜇ȁ ۧΦ = 0Vacuum s.t.

𝜌𝑖𝑗 ≡ Φ Φ𝑐𝑗
†𝑐𝑖 𝜅𝑖𝑗 ≡ Φ 𝑐𝑗𝑐𝑖 ΦDensity

𝛿 Φ 𝐻 − 𝜆 𝑁 Φ = 0Variation

ℋ ≡
ℎ − 𝜆1 Δ
−Δ∗ −ℎ∗ + 𝜆1

ℎ𝑖𝑗 =
𝛿 Φ 𝐻 Φ

𝛿𝜌𝑗𝑖
Δij =

𝛿 Φ 𝐻 Φ

𝛿𝜅𝑖𝑗
∗

𝑊†ℋ𝑊 =
𝐸 0
0 −𝐸

𝛽𝜇

𝛽𝜇
† =

𝑘

𝑊𝜇𝑘
† 𝑐𝑘

𝑐𝑘
† 𝑊 ≡

𝑈 𝑉∗

𝑉 𝑈∗

Mean field

for ∀𝜇

Equation

unitary

𝑁 = 

𝑘

𝑐𝑘
†𝑐𝑘
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ℋ′ =
ℎ − 𝜆1 − 𝜆𝑠𝑠 Δ

−Δ∗ −ℎ∗ + 𝜆1 + 𝜆𝑠𝑠
∗

=
ℎ − 𝜆1 − 𝜆𝑠𝑠 Δ

−Δ∗ −ℎ∗ + 𝜆1 − 𝜆𝑠𝑠

𝑠𝑖𝑗
∗ = 𝑖 Ƹ𝑠 𝑗 ∗ = ൻ ȁ𝑖 𝑇−1 𝑇 Ƹ𝑠𝑇−1 𝑇ȁ ۧ𝑗

= − 𝑖 Ƹ𝑠 𝑗 = −𝑠𝑖𝑗

Since 𝐻, መ𝑆 = 0, we can take the

simultaneous eigenstate of ℋ and 𝑠.

ℋ′ →
ℎ − 𝜆1 − 𝜆𝑠𝑠𝜇1 Δ

−Δ∗ −ℎ∗ + 𝜆1 − 𝜆𝑠𝑠𝜇1

𝛿 Φ 𝐻 − 𝜆 𝑁 − 𝜆𝑠 መ𝑆 Φ = 0

=
ℎ − 𝜆1 Δ
−Δ∗ −ℎ∗ + 𝜆1

− 𝜆𝑠𝑠𝜇1 𝑠𝜇: eigenvalue of s

𝐻, መ𝑆 = 0 𝑇 Ƹ𝑠𝑇−1 = − Ƹ𝑠s.t.

𝑇ȁ ۧ𝑖 = ȁ ۧ𝑖

𝑇 Ƹ𝑠𝑇−1 = − Ƹ𝑠

In general 𝑇ȁ ۧ𝑖 = 𝐹ȁ ۧ𝑖
(𝐹:unitary). In that case we 
can make a similar discussion.

(The part of the 
definition of 𝑇)

∵

Using Ƹ𝑠 is time-odd and the symmetry of the system, ℋ′ turns to be the original ℋ plus  a 
constant × identity.
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ℋ − 𝜆𝑠𝑠𝜇
𝐸𝜇
𝜆𝑠=0 − 𝜆𝑠𝑠𝜇

−𝐸ഥ𝜇
𝜆𝑠=0 − 𝜆𝑠𝑠𝜇

𝑈𝑖𝜇
𝑉𝑖𝜇

𝑉𝑖ഥ𝜇
∗

𝑈𝑖ഥ𝜇
∗

ℋ′ eigenvector eigenvalue
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The one-quasiparticle energies are shifted uniformly while the eigenstates don’t change.
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ℋ − 𝜆𝑠𝑠𝜇
𝐸𝜇
𝜆𝑠=0 − 𝜆𝑠𝑠𝜇

ℋ + 𝜆𝑠𝑠𝜇

−𝐸ഥ𝜇
𝜆𝑠=0 − 𝜆𝑠𝑠𝜇

𝑈𝑖𝜇
𝑉𝑖𝜇

𝑈𝑖ഥ𝜇
𝑉𝑖ഥ𝜇
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∗

𝑉𝑖𝜇
∗

𝑈𝑖𝜇
∗
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𝜆𝑠=0 + 𝜆𝑠𝑠𝜇

−𝐸𝜇
𝜆𝑠=0 + 𝜆𝑠𝑠𝜇
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slope −𝑠𝜇

slope +𝑠𝜇

Since Ƹ𝑠 is time odd, the time reversed states are also eigenstates of ℋ′.
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ℋ − 𝜆𝑠𝑠𝜇
𝐸𝜇
𝜆𝑠=0 − 𝜆𝑠𝑠𝜇

ℋ + 𝜆𝑠𝑠𝜇
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𝜆𝑠=0 − 𝜆𝑠𝑠𝜇
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𝛿 Φ 𝐻 − 𝜆𝑠 መ𝑆 Φ = 0

ℎ − 𝜆𝑠𝑠𝑘1

ℎ + 𝜆𝑠𝑠𝑘1
𝐷𝑖𝑘
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𝐷𝑗𝑘 𝑐𝑗
†

𝑎𝑘ȁ ۧΦ = 0
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𝛿 Φ 𝐻 − 𝜆𝑠 መ𝑆 Φ = 0
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Fermi surface



HF calculation and the result 17

𝛿 Φ 𝐻 − 𝜆𝑠 መ𝑆 Φ = 0

ℎ − 𝜆𝑠𝑠𝑘1
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𝜆𝑠
𝐸4

𝐸1

ℎ′ eigenvector eigenvalue

𝑎𝑘
† =

𝑗

𝐷𝑗𝑘 𝑐𝑗
†

𝑎𝑘ȁ ۧΦ = 0

One-particle-one-hole excited 
state
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neutron proton

Fermi surface

20Ne

Symmetry

Axial
Space reflection

Ƹ𝑠 = 𝑖𝑃𝑒−𝑖𝜋𝐽𝑧

(𝑃:parity)
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Quadrupole deformationTotal energy

The structure has changed around 𝜆𝑠 ∼ 0.5 MeV.



Conclusion 20

HF calculation result with the constraint suggests that the 
structure of the nucleus has changed.

HFB calculation with the constraint and the systematic study 
of odd-mass nuclei

Summary

Future

Application to the many-quasiparticle excited state such as 
high-K isomer

In the HFB theory odd-mass nuclei are conventionally treated 
as the “excited state” on the neighbor even-even nuclei.

A constraint related to the symmetry of the system can make 
an odd-particle system the vacuum.

1

2

3

1

2
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Base ȁ ۧ𝒓𝜎𝜏

Symmetry Axial, Space reflection

Interaction Skyrme (SLy4)

Initial state Nilsson (Non-isotropic HO+LS+ℓ2)

HFBTHO My code

total B.E. (MeV) -157.1 -156.2

deformation 𝛽2 0.387 0.385

neutron rms radius (fm) 2.901 2.893

proton rms radius (fm) 2.929 2.921

Calculation result on 20Ne

𝑖𝑃𝑒−𝑖𝜋𝐽𝑧 is taken 
as Ƹ𝑠

My HF(B) code
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Φ 𝐻 Φ = න𝑑𝒓 𝐻(𝒓)

𝐻 𝒓 =
ℏ2

2𝑚
𝜏0 +ℋ0 𝒓 +ℋ1(𝒓)

ℋ𝑡 𝒓 = ℋ𝑡
even 𝒓 +ℋ𝑡

odd 𝒓

ℋ𝑡
even 𝒓 = 𝐶𝑡

𝜌
𝜌𝑡
2 + 𝐶𝑡

∆𝜌
𝜌𝑡∆𝜌𝑡 + 𝐶𝑡

𝜏𝜌𝑡𝜏𝑡 + 𝐶𝑡
𝐽
𝐽𝑡
2 + 𝐶𝑡

∇𝐽
𝜌𝑡𝜵 ∙ 𝑱𝑡

ℋ𝑡
odd 𝒓 = 𝐶𝑡

𝑠𝒔𝑡
2 + 𝐶𝑡

∆𝑠𝒔𝑡 ∙ ∆𝒔𝑡 + 𝐶𝑡
𝑇𝒔𝑡 ∙ 𝑻𝑡 + 𝐶𝑡

𝑗
𝒋𝑡
2 + 𝐶𝑡

∇𝑗
𝒔𝑡 ∙ 𝜵 × 𝒋𝑡

𝜌0 = 𝜌𝑛 + 𝜌𝑝

𝜌1 = 𝜌𝑛 − 𝜌𝑝

𝜌 𝒓𝜎𝜏, 𝒓′𝜎′𝜏′ = Φ 𝑐𝒓′𝜎′𝜏′
† 𝑐𝒓𝜎𝜏 Φ𝜌𝑞 𝒓 = න𝑑𝑟′

𝜎𝜎′

𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 1 𝜎 𝛿(𝒓′ − 𝒓)

𝒔𝑞 𝒓 = න𝑑𝑟′

𝜎𝜎′

𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 𝝈 𝜎 𝛿(𝒓′ − 𝒓)

𝒋𝑞 𝒓 = න𝑑𝑟′

𝜎𝜎′

1

2𝑖
𝜵 − 𝜵′ 𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 1 𝜎 𝛿(𝒓′ − 𝒓)

𝜏𝑞 𝒓 = න𝑑𝑟′

𝜎𝜎′

𝜵 ∙ 𝜵′𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 1 𝜎 𝛿(𝒓′ − 𝒓)

𝐽𝑞 𝜇𝜈 𝒓 = න𝑑𝑟′

𝜎𝜎′

1

2𝑖
𝛻𝜇 − 𝛻𝜇

′ 𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 𝜎𝜈 𝜎 𝛿(𝒓′ − 𝒓)

𝑻𝑞 𝒓 = න𝑑𝑟′

𝜎𝜎′

𝜵 ∙ 𝜵′𝜌 𝒓𝜎𝑞, 𝒓′𝜎′𝑞 𝜎′ 𝝈 𝜎 𝛿(𝒓′ − 𝒓)
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